Abstract. In this article we study the Tate-Shafarevich groups corresponding to 2-isogenies of the curve E k : y 2 = x(x 2 − k 2 ) and construct infinitely many examples where these groups have odd 2-rank. Our main result is that among the curves E k , where k = pl ≡ 1 mod 8 for primes p and l, the curves with rank 0 have density ≥ 1 2 .
Introduction
The elliptic curves E k : y 2 = x(x 2 −k 2 ) with k ∈ Z have been studied extensively, mainly because of their connection with the ancient problem of congruent numbers (see Guy [13] or Koblitz [17] ). Many authors constructed families of non-congruent numbers by minimizing the Selmer groups attached to 2-isogenies of E k (see Feng [9, 10] , Goto [12] , Iskra [15] , T. Ono [31] , Serf [36] , to name but the most recent contributors; actually results of this type go back to Genocchi [11] in the last century). Sharper results were obtained notably by J. Lagrange [19, 20] and, more recently, Wada [39] , Nemenzo [28] , and Li & Tian [24] , who found better bounds on the rank of E k by taking the 2-part of the Tate-Shafarevich groups into account. In this article, we will refine the criteria obtained by Lagrange and show that curves E k , where k = pl for primes p ≡ l ≡ 1 mod 8, very rarely have Tate-Shafarevich groups with trivial 2-part.
Notation. We recall the relevant notation from [22] (the standard reference for notions not explained here is Silverman [37] ): elliptic curves E with a rational point T of order 2 as our curves E k come attached with a 2-isogeny φ : E −→ E (depending on the choice of T if E has three rational points of order 2). For T = (0, 0) we find the isogenous curve
2 ) if k is odd, and
(the distinction is made in order to minimize the coefficients of the curve; we could just as well work with only y 2 = x(x 2 + 4k 2 ) as both models are isomorphic). The dual isogeny E k −→ E k will be denoted by ψ. If k is fixed, we will suppress this index and write E and E for E k and E k .
The main part of this article was written in 1999 while the author was at the MPI Bonn; he would like to thank everyone there for the hospitality and the stimulating environment, and the DFG for financial support during that time.
Consider the torsors (often also called principal homogeneous spaces) The Selmer group Sel (ψ) ( E/Q) is defined as the subgroup of Q × /Q ×2 consisting of classes b 1 Q ×2 such that T (ψ) (b 1 ) has a nontrivial ( = (0, 0, 0)) rational point in every completion Q v of Q; the subgroup of Sel (ψ) ( E/Q) such that the torsors T (ψ) (b 1 ) corresponding to b 1 Q ×2 have a rational point will be denoted by W ( E/Q) (from now on, rational point will stand for non-trivial rational point; we may and do assume moreover that its coordinates are integral and primitive, that is, (M, e) = 1). Similarly we define Sel (φ) (E/Q) and W (E/Q). Finally, the Tate Below, we will often write x, . . . , z for the subgroup x · Q ×2 , . . . , z · Q ×2 of Q × /Q ×2 generated by x, . . . , z. The Selmer and Tate-Shafarevich groups attached to a pair of isogenies φ and ψ with ψ • φ = [n] for some integer n ≥ 2 are related to the n-torsion of Selmer and Tate-Shafarevich groups as follows (see diagram (3.9) in Razar [32, p. 139 ]; Feng [9, 10] erroneously claims that we always have C = C = 0): Proposition 1. With the notation as above, we have the following exact and commutative diagram:
Here, the vertical maps from B are injections, and those into C are surjections.
There is a corresponding diagram with the roles of φ and ψ reversed, and with groups B and C. Moreover, C and C are groups of even rank.
There exist various methods for constructing elements of order 2 in Tate-Shafarevich groups: one can perform a second 2-descent (cf. Birch and Swinnerton-Dyer [2] , Razar [32] , Lagrange [19, 20] , Wada [39] and Nemenzo [27] ), employ the Cassels pairing (see e.g. Aoki [1] , Bölling [3] , Cassels [5] , and McGuinness [26] ), compare the Selmer groups Sel (ψ) ( E/Q) and Sel (2) (E/Q) as Kramer [18] (essentially, the methods mentioned so far are all equivalent to the classical second 2-descent), or use the method usually attributed to Lind [25] but actually going back (in a slightly different context) to Rédei [33] and Dirichlet [8] (I learned this technique from Stroeker & Top [38] and used it in [22] and [21] ). In this paper, we continue to use this last method; as we shall see, it will allow us to obtain results that are stronger than those provided by simple second 2-descents.
Our main results are the solvability criteria in Table 4 below; this will imply the lower bound 1 2 for the density of rank-0 curves among the E pl .
Preliminaries
In the calculations below we will have use quite a number of elementary results on quadratic reciprocity and genus theory. The following subsections recall what we will need.
2.1. Some reciprocity laws. In the following, p and l will denote primes ≡ 1 mod 8, and π and λ will denote primary primes in Z[i] with norms p and l, respectively. A prime π of norm p ≡ 1 mod 8 is called primary if π is congruent to a square modulo 4.
we can always choose associates satisfying π ≡ 1 mod 2 + 2i, Π ≡ 1 mod 2 √ 2 and Π * ≡ 1 mod 2 √ −2, and these elements are primary.
We will need a few elementary results on quadratic residue symbols; as in [22] , we let (p/l) 4 denote the biquadratic residue symbol for primes l ≡ 1 mod 4 such that (p/l) = 1, and we let [ · / · ] denote the quadratic residue symbol in Z[i]. We also note that, for primes l = λλ ≡ 1 mod 8, the relation (1 + i) 4 = −4 implies that [1 + i/λ] = (−4/l) 8 (this is the rational octic residue symbol). Moreover, [π/λ] = (p/l) 4 (l/p) 4 for primes p = ππ and l = λλ such that (p/l) = 1 by Burde's rational reciprocity law. Finally, it is easy to check that (ε 2 /p) = [1+i/π] = (−4/p) 8 , where ε 2 = 1 + √ 2 (see [23] 
where the first three symbols
Proof. We know that there exists an element α ∈ Z[ζ 8 ] such that Π * = α 1 α 3 (here α j = σ j (α), where σ j is the automorphism that sends ζ 8 to ζ 
, where l ≡ 1 mod 4 is prime. Let ε, h and h + denote the fundamental unit, the class number and the class number in the strict sense of k. Moreover, define (l/2) 4 = (−1/l) 8 for primes l ≡ 1 mod 8; then (−4/l) 8 = (2/l) 4 (l/2) 4 . The following proposition is the special case p = 2 of a more general result due to Scholz [34] : Proposition 3. With the notation as above, there are the following cases:
• (2/l) = −1: then N ε = −1 and h ≡ h + ≡ 2 mod 4;
Note that the prime ideal 2 above 2 in Q( √ 2l ) is principal in the usual sense if and only if N ε = +1 for the fundamental unit ε of Q( √ 2l ). This follows by applying the class number formula for strictly ambiguous ideals C am = 2 t−1 /(E F /N E K ) in quadratic extensions K/F , where t denotes the number of ramified primes, and where E F and E K are the unit groups of O F and O K , respectively.
Let a + ∼ 2 be short for "the ideal a is equivalent in the strict sense to the square of some ideal", and define a Proof. First observe that our assumption implies by Proposition 3 that the fundamental unit of k has positive norm, that 2 is principal in the wide sense, and that h + ≡ 4 mod 8.
Assume that 2 is principal in the strict sense. Then X 2 − 2ly 2 = +2 is solvable, hence so is 2x 2 − ly 2 = 1 (we have put X = 2x). Now clearly 2 x, hence x 2 ≡ 1 mod 8 and 2x
2 ≡ 2 mod 16; on the other hand, (2/y) = +1, hence y 2 ≡ 1 mod 16. Together this implies that l ≡ 1 mod 16, that is, (−1/l) 8 = +1. Since (−4/l) 8 = −1 by assumption, this is equivalent to (2/l) 4 = −1. Now assume that 2 is not principal in the strict sense. Then X 2 − 2ly 2 = −2, and with X = 2x we get 2x 2 − ly 2 = −1. Now (2/l) 4 = (x/l) = (l/x ), where x = 2 j x with x odd, and (l/x ) = +1 by reducing our equation modulo x . Thus (2/l) 4 = +1.
The case k = 2p
We will now investigate which torsors of E 2p do not have rational points although they are everywhere locally solvable. These curves were already studied by Lagrange [20] using second 2-descents and by Kings [16] using the Cassels pairing on X(E/Q). The curves E 2p are the simplest examples where X(E/Q)[φ] and
Theorem 6. Let p ≡ 1 mod 8 be a prime and consider the elliptic curve E :
. Then the Selmer groups are given by
and if p ≡ 9 mod 16, then we have
Proof. We leave the proofs that X( E/Q)[ψ] and X(E/Q)[φ] both have order 2 as an exercise to the reader (they are much simpler than the proofs in the sections below). The claims X(E/Q) [2] X( E/Q) [2] (Z/2Z) 2 follow from the exact sequences extracted from the diagram in Proposition 1:
where C and C are finite groups of square order by results of Cassels (this follows from the existence of the Cassels pairing on X, first proved in [6] in the special case of curves x 3 + y 3 + dz 3 = 0. The special case that we need here simply expresses the fact that the difference between the rank estimates of the first and the second descent is always even). Since in our case they are quotients of groups of order 2, it follows that C = C = 0, and this implies our claim.
The case
The simplest cases are those where p and l are primes such that p ≡ l ≡ 3, 5, 7 mod 8; they were already discussed by Lagrange [19] ; Table 1 gives the Selmer groups Sel (ψ) ( E/Q) and Sel (φ) (E/Q) attached to the 2-isogenies described above. Lagrange also found necessary criteria for the solvability of certain torsors. Here are the results, reformulated using our notation: Proposition 7. Let p and l be distinct primes such that p ≡ l ≡ 3, 5, 7 mod 8. If the torsors in each row of the table below have a rational point, then the conditions Table 1 . Selmer groups Sel (ψ) ( E/Q) and Sel (φ) (E/Q) for E and E, where p and q are primes such that pl ≡ 1 mod 8.
in the last column of the corresponding row must be satisfied:
In the last row,
is a primary element with norm −l, and
The proofs for p ≡ l ≡ 5 mod 8 are straight forward and left as an exercise to the reader. Here we give some details for the case p ≡ l ≡ 7 mod 8: Consider the torsor T (p) :
Reduction modulo l shows immediately that either 1) l M and (p/l) = +1, or 2) l | M and (p/l) = −1. Moreover, either A) 2 M e and 2 | n, or B) 2 ne and 2 | M . As in the case p ≡ l ≡ 1 mod 8, we get four equations per case:
Now we distinguish these four cases:
1A) Writing II) and III) in the form
We would like to use the congruence b ≡ ±M mod p coming from second equation and conclude that [λ/Π] = [1 ± √ 2/Π], but unfortunately the last symbol depends on the choice of the sign. We therefore have to work a little harder. 
Now it is easy to check that λε is primary: in fact, r + s √ 2 with 2 | s is primary if and only if r + s ≡ 1 mod 4, and since λε is primary if and only if (M + b √ 2 )ε is, we find 
it is easy to check that (b + M √ 2 )ε is totally positive. Now Hasse [14] has shown that we have the reciprocity law [α/β] = [β/α] in an arbitrary algebraic number field if the conductors of α and β are coprime. Since (b + M √ 2 )ε 0, the gcd of the conductors of (b + M √ 2 )ε and Λ do not contain infinite primes, and since Λ is primary, the gcd does not contain primes above 2. But then (b+M √ 2, Λ) = (1) gurantees that the conductors are indeed coprime, and the reciprocity law gives
) Equations I and III correspond to III and II in case 1B) with the roles of p and l switched. 2B) Again, this reduces to case 1A).
We have proved: The main result of this paper is that we also have d 1 ≥ 1 2 (this is much stronger than the result obtained by Lagrange [20] ). Although numerical computations seem to suggest that d i = 1, it seems that the bounds derived in this article cannot be improved using our methods.
From now on, we will assume that p and q are both primes ≡ 1 mod 8.
4.1.
The case (p/l) = −1. Let k = pl be a product of primes p ≡ l ≡ 1 mod 8 with (p/l) = −1. Then (see [20] )
In particular, X( E/Q)[ψ] = 0, so we only have to discuss the φ-part of X(E/Q). Proof. Consider T (φ) (2) :
• Assume first that (M, pl) = 1; then N = 2n gives 2n
• The cases (M, pl) = l and (M, pl) = pl are treated similarly. Next take T (φ) (pl) : 
Moreover −1, pl ⊆ W ( E/Q). As above, we will now compute nontrivial elements of
The ψ-part
First we observe that W ( E/Q) always contains −1, pl . Thus
where p represents the class of pQ ×2 (which is the same as the class of lQ ×2 in view of plQ
. It is therefore sufficient to consider the torsor T (ψ) (p) :
Here the right hand side factors over Q as N 2 = p(M 2 − le 2 )(M 2 + le 2 ). We have the following possibilities concerning divisibility
and by p:
Thus we have to consider eight different cases. We claim Proposition 11. Let E be the elliptic curve defined by y 2 = x(x 2 − k 2 ), where k = pl and where p ≡ l ≡ 1 mod 8 are primes such that (p/l) = 1. If the torsor
has a rational solution, then the conditions in Table 2 hold according to the case we are in. If we are in case 1A), then putting N = pn in (1) gives pn
. In case 1Aa), these two factors are coprime, hence M 2 + le 2 = pa 2 (I) and M 2 − le 2 = b 2 (II), where ab = n. By adding and subtracting (I) and (II) we get 2M 2 = b 2 + pa 2 (III) and 2le 2 = pa 2 − b 2 (IV). In a similar way we find the following table displaying the four equations (I)-(IV) whose solvability follows from the existence of a rational point on (1):
In order to save some work we prove a general result that may be applied to each of these cases: Proposition 12. Let A, B, C, D ∈ N be pairwise coprime integers, each a product of distinct primes ≡ 1 mod 4, and assume that these primes are quadratic residues of each other. If there are x, y, v, w ∈ N such that We may (and will) assume that (x, y) = 1. From 2y 2 ≡ 2By 2 = Cv 2 − Dw 2 ≡ v 2 − w 2 mod 4 we then deduce that 2 | y and 2 xvw. Reducing (2) modulo C gives (−AB/C) 4 = (xy/C). Writing y = 2 j y for some odd y gives (y/C) = (2/C) j (y /C) = (2/C) j (C/y ). Reducing (2) By adding and subtracting (2) and (3), we get
From (7) and the fact that y is even we deduce that C ≡ D mod 8.
Reducing (7) In order to apply this result we have to identify the coefficients A, B, C and D. We find
This takes care of all the conditions not involving [Π/Λ]. For completing the proof we need the following
be primary elements of norm P and L, respectively. If there exist integers x, y, z, w ∈ N such that For the remaining four cases, the role of Lemma 13 is taken over by
be primary elements of norm P and L, respectively. If there exist integers x, y, z, w ∈ N such that
be primary elements of norm P and L, respectively. Then
The second equation gives x ≡ ±y √ mod l, where l denotes a prime ideal above l in Q(ζ 8 ). Letting { · / · } denote the quadratic residue symbol in Z[ζ 8 ], we find [x+y
are primary elements of norm p and l, respectively. Thus
Lemma 14 covers the remaining four cases:
Note that, in case 1Ba), Lemma 14 gives [Π/Λ] = (−4/l) 8 (p/l) 4 (l/p) 4 ; but since (p/l) 4 (l/p) 4 = (−4/p) 8 by Lemma 13, we get the relation in the table above.
As a matter of fact, the criteria involving [Π/Λ] can just as well be obtained using genus theory (compare the discussion of T (φ) (2p) below). As the discussion of the φ-part below shows, however, it seems that arguments from genus theory cannot always be replaced by the direct calculation of residue symbols.
The φ-part
Our aim in this section is to show Proposition 15. If the torsor T (φ) (b 1 ) with 1 = b 1 ∈ 2, p, l has a rational point, then the conditions in Table 3 must be satisfied. Table 3 . Let p ≡ l ≡ 1 mod 8 be primes such that (p/l) = 1. If T (φ) (b 1 ) has a rational point, then the conditions (*) must be satisfied.
For the proof of Prop. 15, we need the following proposition dealing with a slightly more general situation: Proposition 16. Let k be a product of pairwise distinct primes ≡ 1 mod 8 that are quadratic residues of each other. Let k = AB for A, B ∈ N; if the torsor T (φ) (A) of E k has a nontrivial rational point, then there is a primary α ∈ Z[i] with norm A such that the following conditions hold:
Proof. We have T (φ) (A) : . In this way we find all criteria given in Table 3 except those involving [Π/Λ]. These have to be derived in an ad hoc manner:
. We assume that (M, pl) = 1; the other cases are treated similarly. Then
Replacing M by M ε if necessary we may assume without loss of generality that η = ε. Thus 
) and observing that M e ≡ 1 mod 2 implies that each factor is divisible exactly once by the prime ideal 2 above 2. Thus 2pn
, where n is an ideal with norm n. Let h + denote the class number of Q( √ 2l ) in the strict sense. We have to distinguish several cases:
( • T (φ) (2l) : N 2 = 2lM 4 + 2p 2 le 4 . Symmetry reduces this to the discussion of
We start by factoring the torsor as 2pln On the other hand we have 2pln
The use of genus theory in this connection was suggested by the proofs of Pépin's conjectures in [21] . This concludes our discussion of the φ-part of X(E/Q).
The Main Result
The main result of this paper is the following theorem:
Theorem 17. Let p ≡ l ≡ 1 mod 8 be primes with (p/l) = 1. The properties of the Tate-Shafarevich groups X(E k /Q)[φ] and X( E k /Q)[ψ] corresponding to the 2-isogenies between the elliptic curves E k : Table 4 . If the rank given there is 0, then the given subgroups actually equal
Let us sketch the proof of Theorem 17 by going through an example. Take the second line; we claim that T (φ) (p) is the only possibly trivial torsor in Sel (φ) (E/Q) (that means that it is the only one that might have a rational point). In fact, the torsors T (φ) (2), T (φ) (l), T (φ) (2l) and T (φ) (pl) are nontrivial since (−4/l) 8 = −1, whereas T (φ) (2p) and T (φ) (2pl) are nontrivial because (p/l) 4 (l/p) 4 = (−4/l) 8 . The other claims now follow immediately.
It remains to prove that X(E/Q) [2] has order 16 if rank E pl = 0. Recall the exact sequence
where C is a finite 2-group of even rank by a result of Cassels. Since C is a quotient of the group X( E/Q)[ψ] of order 2 in our case, we must have C = 0, and in particular we get X(E/Q) [2] 
Corollary 18. The curves of rank 0 among E pl , where p ≡ l ≡ 1 mod 8 are primes such that (p/l) = +1, have density at least Table 5 gives the smallest examples of p and l satisfying the conditions from Table 4 and such that the given inequality for the rank is an equality (with the possible exception of the first line with p = 41, l = 2273, where the rank is 2 or 4). In all cases except one, the given example is the one that occurs first: the exception is pl = 41 · 1601, where the example pl = 41 · 1321 has the same residue symbols; yet rank E 41·1321 = 0.
If E = E pl is a curve with #X( E/Q)[ψ] = 2, then Proposition 1 and the fact that C has even rank imply that we must have C = 0; this in turn implies that Table 5 compares the rank estimates from Theorem 17 with those produced by Cremona's program mwrank; for the column labeled mwrankE I used E k : y 2 = x(x 2 − k 2 ) as the input, whereas for the other one I used the 2-isogenous curve E −2kl : y 2 = x(x 2 + 4k 2 ). Although both curves have the same rank, the output differs considerably. The reason is that with E k as the input, mwrank chooses the isogeny with kernel (k, 0) (instead of (0, 0) as we did), and the second 2-descent for this pair of curves is (in our examples at least) less powerful than for the pair we have picked. On the other hand, choosing E k for k = 113·257, mwrank produces the correct rank 2, whereas E −2k does not. While this phenomenon has been observed before (e.g. by Nils Bruin [4] ), it seems that this problem should be investigated more closely.
Some Examples. In [40] , Wada and Taira (extending previous calculations of Noda & Wada [30] ; see also Nemenzo [27] ) computed the rank of most curves E k for k < 40, 000. For 20 of these curves, they could only prove that the rank was between 2 and 4. Exactly 8 out of these 20 numbers have the form k = pl with primes p ≡ l ≡ 1 mod 8, and for these numbers our results show that the rank is in fact 2 in these cases: We remark in passing that the inequality rank E ≤ 2 in these cases follows already from the criteria not involving [Π/Λ]. Moreover, the special case k = 1513 was discussed by Wada [39] .
The tables of Nemenzo [28, 29] contain 70 more values k = pl < 100, 000 such that E k has analytic rank 2 and Selmer rank 4. For 66 of them, the criteria involving the rational residue symbols suffice to show that the rank is at most 2; the 4 exceptions are k = 64297 = 113 · 569, 67009 = 113 · 593, 93193 = 41 · 2273 and 94177 = 41 · 2297. For these values of k we find [Λ/Π] = −1 except when k = 93193.
It would be interesting to compare the results of this paper with the standard second 2-descent (see e.g. Cremona [7] ); I intend to address this problem at another occasion. The referee observed that mwrank gives the correct rank of the MordellWeil group for 19 out of the 20 open cases in Nemenzo's paper, the exceptional curve being E k with k = 9554 = 2pl with p = 17 and l = 281; as a matter of fact, running mwrank on the 2-isogenous curve E −pl produces the correct rank 2. Acknowledgement I thank F.R. Nemenzo for providing me with some of his unpublished results, in particular for sending me tables giving the order of Tate-Shafarevich groups of curves E k with rank 0 assuming BSD. I also thank the referee for his careful # mwrank E mwrank E
